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A 1D problem

Solving 1D problems is sometimes regarded to be out of interest. Anyway, most of existing FE
softwares do not handle this case. But in fact, 1D problems are of interest, often as a part of
more complex problems. Thus, XLIFE++4 deals with 1D problems.

1.1 Dirichlet condition

As a first example, we show how to solve the very simple problem, involving Dirichlet conditions:

{—u”:f in Q=10,1
uw(0) =u(l) =0

Its variational formulation is

Find u e V = {v € LQ(Q ), v € L*(Q), u(O) = u(1) = 0} such that

/ '(x) dx—/f z)dr YveV.

The following main program corresponds to solving this problem with f(x) = 1 using P1 Lagrange
element (100 elements):

#include 7 xlife++.h”
using namespace xlifepp;

Real f(const Point& P, Parameters& pa = defaultParameters)
{return —1.;}

int main(int argc, charsx argv)

{

init (_lang=en); // mandatory initialization of xzlifepp

// mesh and domains
Strings sn(”"x=07, "x=1");
Mesh meshld (Segment (_xmin=0, xmax=1, _nnodes=101, _domain name="0Omega” ,

_side_names=sn), 1, structured, "Pl-mesh”);
Domain omega = meshld.domain(”Omega” ) ;
Domain sigmal. = meshld.domain(”x=0"), sigmaR = meshld.domain(”x=1");

// space, unknows, and test functions
Space Vh(omega, P1, ”"Vh” 6 true);
Unknown u(Vh, 7u”);

TestFunction v(u, "v”);

// define problem

BilinearForm a = intg(omega, grad(u)|grad(v));

LinearForm 1f = intg(omega, fxv);

EssentialConditions ecs = (u|sigmal = 0) & (u]|sigmaR = 0);



// compute matriz and rhs
TermMatrix A(a, ecs, "A”);
TermVector F(1f , "F”);

// solve linear system and save solution
TermVector U=directSolve (A, F);
saveToFile(”U_1d”, U, vtu);

return 0;

}

The following figure shows a graphical representation of the solution using PARAVIEW:
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Figure 1.1: Solution of the Laplace 1D problem on the unit segment [0, 1]

1.2 Robin condition

The second example shows that XLiIFE+4+ can also handle non homogeneous Neumann
conditions or Robin-Fourier conditions. This problem also involve a Dirichlet condition. Given
three real functions fo, a and fy, the problem is:

—u" +u= fq in Q= la,b|
u(a) =0
u'(b) + a(b) u(b) = fn(b)

Its variational formulation is:

Find u € V ={v € L*(Q), v' € L*(Q —O} such that
b b
/u'(x)v'(x)da:—l—/ w(z) v(z) dr + ab) / f(x)v(z)de + fn(b), YvelV.

Ju(b) can be interpreted as / a(y)u(y)v(y)dy and fy(b) can be interpreted as
{o}

/ fn(y) v(y)dy where 7 is the variable over the side domain here reduced to a point. This

allows to handle these conditions in a uniform syntactic way by defining linear forms as shown in
the previous examples.



7
The following main program corresponds to solving this problem with «(z) = 59:2 — 8x using

13
the P10 Lagrange element over the interval ]a,b[ = |0, Z7T|: using 4 elements ; the functions
fa(x) =2sin(z) and fy(x) = cos(z) + a(x) sin(z) are chosen so that the solution is sin(z):

#include "xlife++.h”
using namespace xlifepp ;

/*
Test problem:
—u” + u = fOm  on the domain Om = [a,b]
u(a) =0
uw’(b) + alpha(b) u(b) = fN(b)

*/

Real fctEx (const Point& P, Parameters& pa = defaultParameters)
{ return sin(P[0]); }

Real fctOm (const Point& P, Parameters& pa = defaultParameters)
{ return 2 x sin(P[0]); }

Real alpha (const Point& P, Parameters& pa = defaultParameters)
{ return 3.5xP[0]«P[0] — 8xP[0]; }

Real fctfN (const Point& P, Parameters& pa = defaultParameters)
{ return cos(P[0]) + (3.5«P[0]«P[0] — 8«P[0]) = sin(P[0]); }

int main() {
init (); // mandatory initialization of zlifepp

// Mesh and domains

Strings sidenames(”"x=a”, "x=b");

Segment seg (_xmin=0., xmax=3.25%pi_, _nnodes=5, _domain name="0Omega” ,
_side_names=sidenames) ;

Mesh meshld(seg, 1, _structured);

meshld. printInfo () ;

Domain Omega = meshld.domain(”Omega”) ;

Domain xA = meshld.domain(”"x=a”);

Domain xB = meshld.domain(”x=b");

// Space and unknowns

Interpolation inter (_Lagrange, _standard, 10, _H1);
Space Vh(Omega, inter, "Vh”);

Unknown u(Vh, ”u”);

TestFunction v(u, ”v”);

// Bilinear forms

BilinearForm gugv = intg(Omega, grad(u)|grad(v)), uv = intg(Omega, u*v);
BilinearForm aluv = intg(xB, alpha*uxv);

LinearForm fOm = intg(Omega, fctOmxv), N = intg(xB, fctfN=x*v);

// Terms with essential conditions
EssentialConditions ecs = (u|xA = 0);
TermMatrix A(gugv + uv + aluv, ecs, "A”);
TermVector F(fOm + fN, ”F”);

// Solve linear system and save solution



TermVector U = directSolve (A, F);
saveToFile(”U”, U, _matlab);

// Compare with ezxact solution

TermVector Uex(u, Omega, fctEx,”Uex”);

std::cout << 7 ||U-Uex||inf = 7 << norminfty (U-Uex) << std::endl;
return 0;

}

The following figure shows a graphical representation of the solution using OCTAVE:

Domain mesh based on interpolation nodes. U_Omega, term_u

Figure 1.2: Solution of the Laplace 1D problem with Dirichelt and Robin conditions

The left figure shows the interpolation nodes which form a uniform distribution of points. This
is the default behavior and the two lines

Interpolation inter (_Lagrange, _standard, 10, _H1);
Space Vh(Omega, inter, "Vh”);

are equivalent to

Space Vh(Omega, P10, "Vh”);

Comparing the exact solution U,, with the computed one U, at the interpolation abscissae, leads
t0 [|U — Uep||oo = 4.44278 x 10710 value which is currently printed by the program. By changing
the keyword _standard for _GaussLobatto, one can toggle to the Gauss-Lobatto abscissae which
are more suitable with higher interpolation degrees. With this example, choosing these abscissae
leads to a better approximation: we then get ||U — U.y||oo = 2.55367 x 1071



Laplace Problems

We investigate here problems involving laplacian operator in a 2D bounded domain, say €2 :
—~Au+au=f inQ (a=—k*for Helmholtz equation)

and various essential conditions (Dirichlet, transmission, quasi periodic, average condition).

2.1 Neumann condition

First, let us consider the case of the homogeneous Neumann condition on 02, the boundary of 2:

ou
8_71 =0 on 89

The variational formulation we deal with is

find u € V = {v € L*(Q), Vv € (L*(Q))?} such that

Vu.Vv—l—a/uv:/fv Yv eV
Q Q Q

The following main program corresponds to solving this problem on unity square 2 =]0, 1[x]0, 1|
with f(x) = cosma cos my using P1 Lagrange element (20x20 elements):

#include "xlife++.h”
using namespace xlifepp ;

Real cosx2(const Point& P, Parameters& pa = defaultParameters)

Real x=P(1), y=P(2);
return cos(pi- *x x) % cos(pi- * y);

}

int main(int argc, charxx argv)

{

init (_lang=en);

//mesh square

Square sq(_origin=Point (0.,0.), _length=1, _nnodes=21);
Mesh mesh2d (sq, triangle, 1, structured);

Domain omega = mesh2d.domain(”Omega” ) ;

//build space and unknown

FEInterpolation Pk=interpolation (Lagrange, standard, 1, Hl);
Space Vk(omega, Pk, "Vk” 6 true);

Unknown u(Vk, 7u”);

TestFunction v(u, ”v”);



// define wariational formulation
BilinearForm auv = intg(omega, grad(u) | grad(v)) + intg(omega, u * v);
LinearForm fv=intg(omega, cosx2 % v);

//compute matriz and right hand side
TermMatrix A(auv, "a(u,v)”);
TermVector B(fv, "f(v)”);

// LLt factorize and solve
TermMatrix LD;

ld1tFactorize (A, LD);
TermVector U = factSolve (LD, B);

saveToFile(?ULN” | U, vtu);
return 0;
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Figure 2.1: Solution of the Laplace 2D problem with Neumann condition on the square [0, 1]?

Solving this problem with P2 Lagrange interpolation should be the same except the line defining
the space:

Space Vh(omega, P2, "Vh” K6 true);

Solving this problem in a 3D domain should be the same except the line defining the mesh and
the right hand side function. For instance, on the unity cube, the mesh construction command
using GMSH tool is:

Real f(const Point& P, Parameters& pa = defaultParameters)

{
Real x=P (1), y=P(2), z=P(3);
return cos(pixx) * cos(pixy) * cos(pi*z);

}

Mesh mesh (Cube(_origin=Point (0.,0.,0.), _length=1, nnodes=10), tetrahedron,
1, _gmsh,”P1l mesh”);
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Figure 2.2: Solution of the Laplace 3D problem with Neumann condition on the unit cube [0, 1]3

2.2 Dirichlet condition

Let us consider now the case of non homogeneous Dirichlet condition on the boundaries z = 0
(X7 )and z =1 (X7):
u=1lon X UXT.

The variational formulation is now (a = 0)

findu e V ={ve L*Q), Vv e (L*(©2))?} such that
/Vu.Vv:/fv YoeV,v=0onX UX"
Q Q

u=1 on Y uUXt

Its approximation by P1 Lagrange finite element is implemented in XLIFE4+ as follows:

#include 7xlife++.h”
using namespace xlifepp ;

Real f(const Point& P, Parameters& pa = defaultParameters)
{return -38.;}

int main(int argc, charsx argv)

{

init (_lang=en); // mandatory initialization of zlifepp

//create mesh of square
Strings sn(”y=07,7x=1",7y=1",7x=0") ;
Square sq(-origin= P01nt(0 ,O.), _length=1, _nnodes=20,
_domain name="0Omega” , _side_names=sn);
Mesh mesh2d(sq, triangle, 1, structured);
Domain omega=mesh2d .domain (”Omega” ) ;
Domain sigmaM=mesh2d .domain(”x=0"), sigmaP=mesh2d.domain(”x=1");

// create interpolation

Space V(omega, P1, "V’  true);
Unknown u(V, 7u”);
TestFunction v(u, "v”);



// create bilinear form, linear form and their algebraic representation
BilinearForm auv=intg (omega, grad(u)|grad(v));

LinearForm fv=intg(omega, fx*v);

EssentialConditions ecs= (u|sigmaM = 1) & (u|sigmaP = 1);

TermMatrix A(auv, ecs, 7A”);

TermVector B(fv, "B”);

// solve linear system AX=D
TermVector U=directSolve (A, B);
saveToFile(”U_LD”, U, vtu);
return 0;
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Figure 2.3: Solution of the Laplace 2D problem with Dirichlet condition on the unit square [0, 1]2

Note how easy is to take into account essential conditions. Only two lines has to be modified!

2.3 Periodic condition

Now we consider the Laplace problem on the unit square 2 =|0, 1[x]0, 1] equipped with Dirichlet
condition on and periodic condition:

—Au=f in
up- =0 and yp+ =0
Up- = Un+ and 817”2— = 8mu|g+
and its variational formulation in V' = {v € H'(Q), ur =0 and ujz- = us+}:

find v € V such that

/Vu.Vv:/fv Vv e V.
Q Q

Its approximation by P? Lagrange finite element is implemented in XLIFE++ as follows:

#include 7xlife++.h”
using namespace xlifepp ;



Real f(const Point& P, Parameters& pa = defaultParameters)
{

Real x=P (1), y=P(2) ;;

return (4*xpi_xpi_xy*(y—1)—2)*sin (2xpi_*x);

}

Vector<Real> mapPM(const Point& P, Parameters& pa = defaultParameters)
{

Vector<Real> Q(P);

Q(1)—=1;

return Q;

}

int main(int argc, charxx argv)

{

init (_lang=en); // mandatory initialization of xzlifepp

//mesh square
Strings sn(7y=0”,7x=1”,7y=1","x=0");
Square sq(_origin=Point (0.,0.), _length=1, _nnodes=20,
_domain name="0Omega” , _side_names=sn);
Mesh mesh2d(sq, triangle, 1, structured);
Domain omega=mesh2d .domain(”Omega”) ;
Domain sigmaM=mesh2d .domain(”x=0"), sigmaP=mesh2d.domain(”x=1");
Domain gammaM=mesh2d .domain(”y=0") , gammaP=mesh2d.domain(”y=1");
defineMap (sigmaP , sigmaM, mapPM); //useful to periodic condition

// create P2 Lagrange interpolation
Space V(omega, P2, ”"V”  true);
Unknown u(V, 7u”);

TestFunction v(u, "v”);

//create bilinear form and linear form

BilinearForm auv=intg (omega, grad(u)|grad(v));

LinearForm fv=intg (omega, fxv);

EssentialConditions ecs = (u|gammaM = 0) & (u|gammaP = 0)
& ((u|sigmaP) — (u|sigmaM) = 0); //

EssentialConditions ecs
TermMatrix A(auv, ecs, "A”);
TermVector B(fv, "B”);

// solve linear system AX=F wusing factorization
TermVector U=directSolve (A, B);

saveToFile ("U_LP”, U, vtu);

return 0;

}

Note that at corners, periodic condition and Dirichlet condition are redundant. When executing,
the following warning message is thrown

Constraints: :reduceConstraints() : in essential conditions
Dirichlet condition u = 0 on y=0
Dirichlet condition u = 0 on y=1
periodic condition ulx=1 - ulx=0 = 0

2 redundant constraint row(s) detected and eliminated
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Non periodic Periodic

Figure 2.4: Solution of the Laplace 2D problem with periodic condition on the unit square [0, 1]?

2.4 Transmission condition

y=1
Q- ot
T r >t
y=20 N
z=0 T =3 x=1

We turn to the Laplace problem with transmission condition:

—Au~ = f in 2~
—Aut = f in QF
us- =1 and up+ =1

- _ .+ - _ +
Up = U and amuu“ = amuu“
Its variational formulation in

V={(v",v") e H(Q) x HY(Q"), Vg = 0,05 =0, vp =}
is
find (u™,u") € H'(Q7) x H{(QF),ug = Luf =1, up = uy such that
Vu Vo~ + Vut Vot = / fv + fvt YoeV
Q- ot Q- o+
Note that derivatives matching is taken into account in a weak sense. The implementation in
XLIFE++, using P? Lagrange finite element, looks like:

#include 7 xlife++.h”
using namespace xlifepp;

Real f(const Point& P, Parameters& pa = defaultParameters)

11



{
}

int main(int argc, charxx argv)

{

return -—-8.;

init (_lang=en); // mandatory initialization of xzlifepp

//mesh domain
Strings sn(4);

sn[l] = "x=1/2—"; sn[3] = "x=07;

Rectangle rl(_xmin=0, xmax=0.5, _ymin=0, _ymax=1, _nnodes=Numbers(20,40),
_domain name="0Omega—", _side_names=sn);

Mesh mesh2d (rl, triangle, 1, _structured);

sn[l] = "x=1"; sn[3] = "x=1/2+7;

Rectangle r2(_xmin=0.5, xmax=1, _ymin=0, _ymax=1, _nnodes=Numbers(20,40)
_domain name="0Omega+” , _side_names=sn);

Mesh mesh2d_p(r2, _triangle, 1, _structured);

mesh2d . merge (mesh2d_p) ;

Domain omegaM=mesh2d .domain (”Omega—") , omegaP=mesh2d .domain(”Omega+”) ;
Domain sigmaM=mesh2d .domain (”x=0") , sigmaP=mesh2d.domain(”x=1");
Domain gamma=mesh2d .domain(”"x=1/2— or x=1/2+7);

// create P2 interpolation

Space VM(omegaM, P2, "VM", true);
Unknown uM(VM, 7u—");
TestFunction vM(uM, "v—");

Space VP(omegaP, P2, "VP”, true);
Unknown uP (VP, 7u+”);
TestFunction vP(uP, "v+");

//create bilinear form and linear form

BilinearForm auv=intg (omegaM, grad(uM) |grad (vM) )+intg (omegaP ,
grad (uP) |grad (vP));

LinearForm fv=intg (omegaM, f{+vM)+intg (omegaP, f{xvP);

EssentialConditions ecs= (uM|sigmaM = 1) & (uP|sigmaP = 1) & ((uM|gamma) —
(uP|gamma) = 0);

TermMatrix A(auv, ecs, "A”);

TermVector B(fv, "B”);

//solve linear system AX=B using LU factorization
TermVector U=directSolve (A, B);
saveToFile(”ULT”, U, vtu);

return 0;

}

Here, a tool merging mesh is used to create a two domains mesh. GMSH should be used also. The
picture below shows that the solution is continuous across the boundary I'.

12
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Figure 2.5: Solution of the Laplace 2D problem with transmission condition on the unit square
[0, 1)*

2.5 Average condition

As a last example of essential condition, we consider average condition, for instance:

/u:O.
by

Such condition is tricky to take into account in FE softwares. Generally, they do not! Because

XLIFE++ uses a powerful process to deal with essential conditions, such condition can be easily
adressed:

#include ”7xlife++.h”
using namespace xlifepp ;

Real f(const Point& P, Parameters& pa = defaultParameters)
{return -8.;}

int main(int argc, charxx argv)
{

init (_lang=en); // mandatory initialization of xzlifepp

//create a mesh and Domains

Mesh mesh2d (Square(_origin=Point (0.,0.), _length=1, _nnodes=10,
_domain name="0Omega” , _side_names=Strings("y=0", "x=1", 7y=1", "x=07)),
triangle , 1, structured);

Domain omega=mesh2d .domain (”Omega” ) ;

Domain sigmaM=mesh2d .domain (”x=0"), sigmaP=mesh2d.domain(”x=1");

//create interpolation

Space V(omega, P2, ”"V”  true);
Unknown u(V, "u”);
TestFunction v(u, "v”);

//create bilinear form and linear form
BilinearForm auv=intg (omega, grad(u)|grad(v));
LinearForm fv=intg(omega, fx*v);
EssentialConditions ecs= (intg(sigmaM, u) = 0);

13



TermMatrix A(auv, ecs, "A”);
TermVector F(fv ,”B”);

//solve linear system AX=F wusing LU factorization
TermVector U=directSolve (A, F);
saveToFile("ULA”, U, vtu);

return 0;

SSoES
—
S SCSoSSes ===
e

=<
SIS

S

Figure 2.6: Solution of the Laplace 2D problem with average condition on the unit square [0, 1]

% Be care with some average conditions. For instance, when adding the "full” average

condition
/ u=>0
Q

the resulting reduced matrix is a full matrix. So, the problem is bigger and slower to solve!
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3 Mixed formulation using PO and
Raviart-Thomas elements

Consider the Laplace problem with homogeneous Dirichlet condition:

—Au=f in

u=20 on 0f)
Introducing p = Vu, it is rewritten as a mixed problem in (u, p):

—divp=f inQ

p=Vu in Q

u=20 on 0f)

with the following variational formulation:

find (u,p) € L*(Q) x H(div, ) such that

—/Qdivpv:/ﬂfv Yo € L*(Q)

/udivq-l—/p.q =0 Vq € H(div,Q).
Q Q
Note that the Dirichlet boundary condition is a natural condition in this formulation.

The XLIFE++ implementation of this problem using PO approximation for L?*(Q2) and an
approximation of H (div, ) using Raviart-Thomas elements of order 1 is the following:

#include 7xlife+4+.h”
using namespace xlifepp;

Real f(const Point& P, Parameters& pa = defaultParameters)
{ Real x=P(1), y=P(2);
return 32x(xx(1—x)4y*(1—y));}

int main(int argc, charxx argv)
{
init (_lang=en) ;
//mesh square
Mesh mesh2d (Square(_origin=Point (0.,0.), _length=1, _nnodes=21), triangle ,
1, structured);
Domain omega=mesh2d .domain (”Omega” ) ;
//create approzimation PO and RTI
Space H(omega, PO, "H”, false);
Space V(omega, RaviartThomas, 1, "V’ | true);
Unknown p(V,”p”);
TestFunction q(p,”q”); //p=grad(u)
Unknown u(H,”u”);

b2 ”

TestFunction v(u,”’v”);

15



//create problem (Poisson problem)

TermMatrix A(intg(omega, p|lq) + intg(omega, uxdiv(q)) — intg(omega,
div(p)*v)) ;

TermVector b(intg(omega, fxv));

//solve and save solution

TermVector X=directSolve (A, b);

saveToFile(”"u”, X(u), vtu);

return O0;

Using Paraview with the Cell data to point data filter that moves PO data to P1 data and the
Warp by scalar filter that produces elevation, the approximated field u looks like:

Figure 3.1: Solution of the Laplace 2D problem with mixed formulation PO-RT1 on the unit
square [0, 1]?

16



4 2D Maxwell equations using
Nedelec elements

XLIFE++ provides Nedelec elements (first and second family) that are H(curl) comforming.
Consider the following academic Maxwell problem:

curlcurlE — w?peE =f  in Q
Exn=0 on 0f)

with the following weak form:

find E€V ={v € H(curl,Q), v xn =0 on d2} such that

curlEcurlv:/Ev Vv eV.
Q Q

Using first family Nedelec’s element, the XLIFE++ program looks like:

#include 7 xlife++.h”
using namespace xlifepp ;

Real omg=1, eps=1, mu=1, a=pi_, ome=omg# omg* mux eps;

Vector<Real> f(const Point& P, Parameters& pa = defaultParameters)
{

Real x=P (1), y=P(2);

Vector<Real> res (2);

Real c=2xaxa—ome;

res (l)=—cxcos (axx)x*sin (a*xy);

res (2)= cx*sin(axx)x*cos (axy);

return res;

}

Vector<Real> solex (const Point& P, Parameters& pa = defaultParameters)
{

Real x=P(1), y=P(2);

Vector<Real> res (2);

res (1)=—cos (axx)xsin (axy);

res (2)= sin (axx)xcos(a*xy);

return res;

}
int main(int argc, charxx argv)

{
init (_lang=en) ;
//mesh square wusing gmsh
Mesh mesh2d (Rectangle (_xmin=0, xmax=1, _ymin=0, _ymax=1, _nnodes=50,
_side_names="Gamma” ) , triangle, 1, gmsh);
Domain omega=mesh2d .domain (”Omega” ) ;
Domain gamma=mesh2d . domain (”Gamma” ) ;
//define space and unknown
Space V(omega, Nedelec, 1, "V”);

17



Unknown e (V, 7E”);
TestFunction q(e, 7q”);
//define forms, matrices and vectors

BilinearForm aev=intg(omega, curl(e)|curl(q)) — omexintg(omega, e|q);
LinearForm l=intg(omega, f|q);

EssentialConditions ecs = (ncross(e) |gamma=0);

//compute

TermMatrix A(aev, ecs, "A”);
TermVector b(l, ”"B”);

//solve
TermVector E=directSolve (A, b);

// P1 interpolation , L2 projection on HI
Space W(omega, P1, "W?);

TermVector EPl=projection(E, W, 2);
EP1.name("E”) ;

saveToFile(”E”, EP1, vtu);

return 0;

As Nedelec finite elements approximation are not conforming in H1, the solution is not continuous
across elements (only tangent component is continuous). So to represent the solution, it is
projected on H1 as follows:

find E; € L*(Q) such that
/E1W=/EW Yw € L*(9).
Q Q

Using an H1 conforming approximation for E; leads to a continuous representation of the
projection. We show on the next figure the £, component field provided by this example.

error

9.579¢:06 0003 0015 1.714502

am o oo
i

Y-Axis
06 0.8 1.0

04

0.2

X-Axis

Figure 4.1: First component of the solution of the Maxwell 2D problem using Nedelec first family
elements, and nodal error
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L2 error for 2D nedelec first family

L2 error

——order 1
——order 2

Figure 4.2: L? errors versus the step h for 1 and 2 order Nedelec first family approximation
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Eigenvalues and eigenvectors of

5 Laplace operator

This exemple shows how to get eigen functions of Laplace operator equipped with homogeneous
Neumann condition:

—Aut+u=Au inf)
O,u=20 on 0f)

and its variational formulation in V = H'(Q):

find (u, A) € V x R such that

/Vu.Vv+/uv:)\/uv Yo e V.
Q Q Q

#include "xlife++.h”
using namespace xlifepp ;

int main(int argc, charxx argv)

{

init (_lang=en); // mandatory initialization of xzlifepp

//mesh square
Mesh mesh2d (Square(_origin=Point (0.,0.), _length=1, _nnodes=20), triangle ,
1, gmsh);
Domain omega = mesh2d .domain(”Omega”) ;

//build P2 interpolation

Space Vk(omega, P2, "VK” 6 true);
Unknown u(Vk, 7u”);

TestFunction v(u, "v”);

//build eigen system

BilinearForm auv = intg(omega, grad(u) | grad(v)) + intg(omega, u * v) |,
muv = intg(omega, u * v);
TermMatrix A(auv, "auv”), M(muv, "muv”);

//compute the 10 first smallest in magnitude

EigenElements eigs = eigenInternSolve (A, M, _nev=10, - mode=_krylovSchur ,
_which="SM") ; //internal solver

thePrintStream << eigs.values;

saveToFile(”eigs”, eigs.vectors, vtu);

return 0;
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ev=10.8696 ev=10.8696

ev=20.7393 ev=40.4788 ev=40.4788

ev=>50.3487 ev=50.3487

ev=79.9599
Figure 5.1: 9 first eigen vectors of the Laplace 2D problem with P2 elements
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3D Helmholtz problem using single
layer potential integral equation

XLIFE++ is also able to deal with integral equation. This example illustrates the computation
of the acoustic scattering by a sphere:

{Au +ku=0 inQ=R3B(0,R)

U= —Ujpe on S

Using single layer potential leads to the integral equation, :

/G(I, y)p(x)dr = —upm. on S
s

where G is the Green function of the Helmhotz equation:

piklz—y]

Glz,y) = m

We deal with the variational formulation in V = Hz(S):

find p € V such that

[ [pnr6 ity = [ vy

The solution u is get from potential p from the integral representation:

mm:LGmwmwm

This example has been implemented in XLIFE++ using a PY Lagrange interpolation:

#include 7xlife++.h”
using namespace xlifepp ;

// incident plane wave
Complex uinc (const Point& p, Parameters& pa = defaultParameters)

Real kx=pa(”kx”), ky=pa(’ky”), kz=pa(’kz”);
Real kp=kxxp(1)+ky*p(2);
return exp(i_*kp);

}
int main(int argc, charxx argv)

{
init (_lang=en); // mandatory initialization of xzlifepp
numberOfThreads (2) ;
//define parameters and functions
Parameters pars;
pars << Parameter (1., "k”); // wave number k
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pars << Parameter (1., ”"kx”) << Parameter (0., "ky”) << Parameter (0., ”kz”);
/) kx, ky, kz

pars << Parameter (1., "radius”); // disk radius
Kernel G = Helmholtz2dKernel (pars) ; // load Helmholtz2D kernel
Function finc (uinc, pars); // define right hand side function

Function scatSol(scatteredFieldDiskDirichlet , pars); //exact solution

// meshing the wunit disk

Number npa=16; //nb of points by diameter of disk

Disk sp(-center=Point (0.,0.), _radius=1, _nnodes=npa, _domain name="disk”);
Mesh mS(sp, _segment, 1 ,gmsh);

Domain disk = mS.domain(”disk”);

// Lagrange PO space and unknown
Space V1(disk, P1, "V1”,6 false);
Unknown ul(V1,7ul”); TestFunction v1(ul, ”vl1”);

// form definitions

IntegrationMethods ims(Duffy ,5, 0., Gauss_Legendre, 5, 1., Gauss_Legendre,
4, 2.,Gauss_Legendre, 3 );

BilinearForm blfO=intg(disk ,disk, ul#Gsvl, ims);

LinearForm fv0 = —intg(disk, fincxvl);

//compute matriz and right hand side and solve system
TermMatrix AO(blf0, _denseDualStorage, "A0”);
TermVector BO(fv0, ”B0”);

TermVector U0 = directSolve (A0, BO);

//integral representation on x plane (far from disk), using P1 nodes
Number npp=20, npc=8npp/10;
Real xm=4., eps=0.0001;
Point C1(0.,—xm) ,C2(0.,xm), C3(0.,—xm);
Square
sgx (_center=Point (0. ,0.) ,_length=4., nnodes=npp,_domain name="0Omega” ) ;
Disk dx(-center=Point (0.,0.), _radius=1.25, _nnodes=npc);
Mesh mx0(sqx—dx, triangle, 1 ,gmsh);
Domain planx0 = mx0.domain(”Omega”) ;
Space Wx(planx0 ,P1,”Wx” , false);
Unknown wx(Wx, 7wx”);
TermVector U0xO=integralRepresentation (wx, planx0, intg(disk ,Gxul), U0);
TermMatrix Mx0(intg (planx0 ,wxswx), "Mx0”);

//compare to exact solution

TermVector solx0 (wx, planx0, scatSol);

TermVector ec0x0=U0x0 — solxO0;

theCout << ”L2 error on x=0 plane: "7 << sqrt(abs((Mx0xec0x0)|ec0x0)) <<
eol ;

//export solution to file
saveToFile ("U0”, U0, vtk);
saveToFile (”U0x0”, U0x0, vtk);
return 0;
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[N

Figure 6.1: Solution of the 3D Helmholtz problem using single layer BEM on the unit sphere
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7 2D Helmholtz problem coupling
FEM and integral representation

We want to solve the acoustic diffraction of a plane wave on the disk of radius 1, with the boundary
I

Au+k*u=0 inR?/D

Ot =g on I' (n the outward normal)

where g = 9, (¢'*7).

Let € be a domain that strictly surrounding the disk D and ¥ its boundary. We have to point
out that in this case, we use normals going outside the domain of computation €2 but then the
normal on the obstacle (defined on I') is going inside the obstacle, that is opposite to usual case
(see Figure 7.1). Then, because of the normal inverted, the solution v may be represented by the
integral representation formula (G is the Green function related to the 2D Helmholtz equation in
free space):

Ve e X, u(zr) = —/FanyG(x,y) u(y) dy—l—/FG(x,y) O, u(y) dy (7.1)

say, because the boundary condition:

/%G T, y)u )dy+/G(x,y)g(y) dy.

n, is the outward normal (to €2 not the obstacle) on I' and n, will denote the outward normal on
Y. Now matching values and normal derivative on ¥, we introduce the boundary condition:

(On, + M) = —(Br, + N / 00, Gl y) uly) dy + (Ou, + N / Gz, y) 9(y) dy

that reads, because G is not singular on I' x ¥:

(On, + V) = — / 0.0, G, y) uly) dy — A / 0, Gz, ) uly) dy

/OMG T,Y) g )dy+A/G( y) 9(y) dy = R(u)(x)
Using this exact boundary condition, if /m(\) # 0) the initial problem is equivalent to :

Au+k*u=0 in 2
anu =g onl
(Op, + Nu=Ryx(u) onX

Its variational formulation in V = H'(Q) is:

find v € V such that Vv € V

/QVu.Vv—k /uv+)\/uv—|—// 1)0h. 0r, Gz, y) B(a )+/\// u(y)n, Gz, y) (z)
/gv+// )00, Gz, ) 5(z) + fpg@)G(x,y)w).



Considering the geometrical configuration:

Qemt

Figure 7.1: Geometrical configuration for the FEM-Integral Representation problem. The normal
on I' is going inside the obstacle (to point outside Q).

the variational formulation is implemented as follows:

#include 7xlife++.h”
using namespace xlifepp ;

Complex data_g(const Point& P, Parameters& pa = defaultParameters)

{
Real x=P (1), k=pa(7k”);
Vector<Complex> g (2,0.) ;
g(1l) = i_xkxexp(i_xk*x);
return dot(g,P/norm2(P)); //dr(e {ikz}
}
Complex u_inc (const Point& P, Parameters& pa = defaultParameters)
{
Real x=P(1), k=pa(”k”);
return exp (i_*xk*x);
}
int main(int argc, charxx argv)
{
init (_lang=en); // mandatory initialization of xzlifepp
//parameters
Number nh = 10; // number of elements on Gamma
Real h=2xpi_/nh; // size of mesh
Real re=1.+2xh; // exterior radius
Number ne=Number (2% pi_xre/h); // number of elements on Sigma
Real 1 = 4xre; // length of exterior square
Number nr=Number(4x1/h); // number of elements on exterior square
Real k= 4, k2=kxk; // wavenumber

Parameters pars;

pars << Parameter (k,”k”) << Parameter(k2,7k2");

Kernel H=Helmholtz2dKernel (pars) ;

Function g(data_g, pars);

Function ui(u_inc,pars);

//Mesh and domains definition

Disk dl(_center=Point(0.,0.), _radius=1, _nnodes=nh,
_side_names=Strings (4,”Gamma” ) ) ;

Disk d2(-center=Point (0.,0.), _radius=re, _nnodes=ne,
_domain name="0Omega” , _side_names=Strings(4,”Sigma”));
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}

In the beginning, some geometric parameters used to design crown surrounded by a square, are
given. Next the mesh is generated using gmsh mode and the geometrical domains are get from
the mesh. The normal orientations are chosen in order to have outwards normals to the crown

Square rect (_center=Point (0.,0.), _length=]1, _nnodes=nr,
_domain name="0Omega_ext”) ;
Mesh mesh(rect+(d2—dl), _triangle, 1, _gmsh);
Domain omega=mesh.domain(”Omega”) ;
Domain sigma=mesh.domain(”Sigma”) ;
Domain gamma=mesh . domain (”Gamma” ) ;
Domain omega_ext=mesh.domain(”Omega_ext”); //for integral representation
sigma . setNormalOrientation (_outwardsDomain ,omega); //outwards normals
gamma. setNormalOrientation (_outwardsDomain ,omega) ;

//create P2 Lagrange interpolation

Space V(omega,P2,7V” true) ;

Unknown u(V,”u”); TestFunction v(u,”v”);

// create bilinear form and linear form

Complex lambda=i_ xk;

BilinearForm auv =
intg (omega,grad(u) |grad(v))—k2xintg (omega ,uxv)+lambdaxintg (sigma ,uxv)
+intg (sigma ,gamma, ux(grad_y (grad_x (H) | _nx) | _ny)*v)
+lambdaxintg (sigma ,gamma,u*(grad_y (H) | —ny ) *v) ;

BilinearForm alv =
intg (sigma ,gamma, u*(grad_x (H) | _nx ) *v)+lambda*intg (sigma ,gamma, uxH*v) ;

TermMatrix A(auv), ALV(alv);

TermVector B(intg (gamma,gxv)) ;

TermVector G(u,gamma,g) ;

B+=ALVxG;

//solve linear system AU=F

TermVector U=directSolve (A,B);

saveToFile ("U.vtk” U, vtk) ;

//integral representation on omega_ext

Space Vext(omega_ext ,P2,”Vext”  false);

Unknown uext (Vext,?uext”);

TermVector Uext =
—integralRepresentation (uext, omega_ext, intg(gamma,(grad_y (H)|_ny)*U))
+integralRepresentation (uext, omega_ext, intg(gamma,HxG));

saveToFile(”Uext.vtk” ,Uext, vtk) ;

//total field

TermVector Ui(u, omega, ui), Utot=Ui4U;

TermVector Uiext (uext, omega_ext, ui), Utotext=Uiext+Uext;

saveToFile(”Utot.vtk” , Utot,vtk);

saveToFile(” Utotext.vtk” , Utotext ,vtk);

return 0;

omega.

Then a P2 Lagrange space over the elements of the crown omega is constructed and all bilinear
and linear forms involved in variational form are defined. Then the TermMatrix and TermVector
are computed and the problem is solved using a direct method (Umfpack if it is installed, LU

factorization else), that leads to the solution U in the crown omega.

Finally, using integral representation formula 7.1, the solution is computed in the exterior domain
omega_ext. The vectors U and Uext are diffracted fields. To get total field, the incident field has

to be added to the diffracted filed. This is the final job that it is done.

The real part of the total field computed is presented on the figure 7.2.
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Figure 7.2: 2D Helmholtz diffraction problem using FE-IR method: real part of the total field

28



2D Helmholtz problem coupling
FEM and BEM

We want to solve the acoustic propagation of a plane wave in a heterogeneous medium. In order
to do that, we distinguish a domain €2 that is heterogeneous, its boundary I' and the exterior
domain ey that is homogeneous (see Figure 8.1).

7

Q Qext

Figure 8.1: Domains for computation: €2 the heterogeneous medium, (2o the homogeneous
exterior domain and I' = 0f2.

We solve:

Au(z) + K*n*(z)u(z) =0 in R?

u(zr) = —u;(x) onT
with 7(x) = 1 in Qu, and n(x) that can vary in €, and finally with u; = e,
We will use: Q = [—0.5,0.5]* and

() exp (— (23 — 0.25) % (3 — 0.25)/(2. % 0.05)) , when max(z1,xs) < 0.5.
xTr) =
1 otherwise.

n
5.353e-01 0.651 0.768 0.884 1.000e+00
T R N N

Figure 8.2: n(x) in QU Qeys.

We decompose the problem in a coupled system of two equations:
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in the FEM part, the solution solves the following equation:
Au+E*nPu=0
which gives the variational formulation:

Find v € H'(Q) such that :
Jo Vu(z) - Vo(x)de — k* [, n*(z)u(z)o(z)de — [ Mz)v(x)de =0, Yve HY(Q) ’

with A\ = g—z is the normal trace of uw on T'. &
in the BEM part, we solve:
{Au +k2u=0 in Qe (8.2)
U= —u; on I
The scattered field verifies:
us(x) = =SrA(z) + Kru(x),x € Qe (8.3)

with u the total field solution of the equation and A the normal trace of v on I', St and Kr
are the single and double layer boundary potentials:

Sed(x) = / Gl y)d(y)dy.
0G(z,y)

Kro(z) = | Z28Y g0)dy,
ro(z) - o, P(y)dy
d
o Gy giklle—yl
x,y) = ——r
Y drlle =yl

Since us = v — u;, and taking the limit when x goes to I', we obtain the integral equation:

(é — KF) u(x) + SrA(z) = ui(z),z € T. (8.4)

The resulting variational formulation for the BEM part is then:
Find u € HY2(T') and A € H~Y/%(T") such that :
1 _ IG(z,y) _ _
— | w(x)7(x)dx — u(y) ————=7(z)dydx + MNy)G(z,y)T(z)dydx
r on (8.5)

2 I'xr Y 'xr
= /ui(l‘)T(iE)diL‘,VT € HY(T).
r

By adding the variational formulations relatives to the two linked problems, we obtain the final
variational formulation.

Finally, the solution is obtained directly from w for the FEM part and we need to compute the
integral representation to obtain ug, the scattered field, and then to add the incident field to
obtain the total field for this problem.

The last step is to merge the FEM solution in 2 and the BEM solution in 2, to obtain a solution
on the whole domain Q U Q. to simplify the visualisation.
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Real part
1.500e+00

<}
=
a

(o]

H{b‘ Cony

-1.500e+00

Figure 8.3: Solution of the FEM-BEM problem.

The code of this example follows:

#include 7xlife++.h”
using namespace xlifepp;
using namespace std;

// find = eta(z)
Real find (const Point & M, Parameters & pa = defaultParameters)

{

}

Real res=1.;
if (std::max(std::abs(M[0]) ,std ::abs(M[1])) <0.5)

res=std ::exp(—((M[0]*M[0] —0.25) «(M[1]«M[1] —0.25)) /(2.%0.05) ) ;
return res;

Real eta2(const Point & M, Parameters & pa = defaultParameters)

{

}

Real tmp=find (M) ;
return tmpxtmp;

Complex gl (const Point& M, Parameters& pa = defaultParameters)

}

Real k=real(pa(”k”));
Point d(1.,0.);
return exp(i_*(kxdot(M,d)));

int main(int argc, charxx argv)

{

init (_lang=en) ; // mandatory initialization of zlifepp

verboseLevel (10) ;

Real k=10.;

//meshing

Real hsize=(2xpi_/k)/15.;

Square sp(_center=Point (0.,0.), _length=1., _hsteps=hsize,
_domain name="0Omega” , _side_names="Gamma” ) ;

Mesh ml=Mesh(sp, _triangle, 1, _gmsh);

Domain omega = ml.domain(”Omega”) ;

Domain gamma = ml.domain (”Gamma” ) ;

theCout << "Mesh size = 7 << hsize << eol;

theCout << "Number of Triangles = 7 << ml.nbOfElements() << eol;
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//defining parameter and kernel

Parameters pars;

pars << Parameter(k,”k”);

Vector<Real> nv(2);

pars << Parameter(&nv,”_n”);

Kernel G=Helmholtz2dKernel (pars) ;

Function finc(gl,pars);

//defining space, unknown and test function
Space V1(omega,P1,”V1” false);

Space V0(gamma,P1,”V0” , false);

Unknown ul(V1,7ul”); TestFunction v1(ul,”vl1”);
Unknown 10 (V0,”710”); TestFunction 1t0(10,”1t0”);

theCout<<”Nb dofs BEM= ” << V0.nbDofs() << ” Nb dofs FEM= 7 << V1.nbDofs ()

<< eol;
//defining bilinear and linear form

IntegrationMethods ims(Duffy, 15, 0., _defaultRule, 12, 1., _defaultRule,

10, 2., _defaultRule, 8);

BilinearForm blf=intg(omega,grad(ul) |grad(vl))—kx«k+intg (omega,eta2*xul*vl)

— intg (gamma,10xvl) + 0.5%intg(gamma,ul*1t0)
— intg (gamma,gamma,ul*xndotgrad_y (G)*1t0 ,ims)
+ intg (gamma,gamma, 10 *Gx1t0 ,ims) ;

LinearForm 1f=intg (gamma, fincx1t0);

//computing FEM/BEM matriz and right hand side wvector

TermMatrix lhs (blf ,”1hs”);

TermVector rhs(1f);

//solving linear system wusing direct method

TermVector sol=directSolve(lhs , rhs);

// Representing the solution FEM and BEM

Square Sint (_center=Point (0.,0.), _length=1, _hsteps=hsize,
_domain name="S_int”) ;

Square Sext(_center=Point (0.,0.), _length=3, _hsteps=1.5xhsize,
_domain name="S_ext”);

Mesh mrep (Sext+Sint, _triangle, 1, _gmsh);

Domain S_ext=mrep.domain(”S_ext”), S_int=mrep.domain(”S_int”);

Domain S=merge(S_ext ,S_int ,”S”);

Space Vrep(S,P1,”Vrep” , false);

Unknown ur (Vrep,”ur”);

Function Find(find , pars);

TermVector findex (ur,S,Find);

saveToFile(”findex” ,findex ,_vtu); // Representing eta

TermVector Uint=interpolate (ur,S_int ,sol(ul)); // FEM solution (total
field)

saveToFile (”Uint” ,Uint , _vtu);

// Representing of the BEM part
IntegrationMethods imr(_GaussLegendreRule, 20, 1., _GaussLegendreRule,
2., _GaussLegendreRule ,5) ;
TermVector Uext =
— integralRepresentation(ur, S_ext, intg(gamma,Gxsol(10)  imr))
+ integralRepresentation(ur, S_ext,
intg (gamma, ndotgrad_y (G)*sol (ul) ,imr) ) ;

TermVector Uinc (ur,S_ext , finc);

saveToFile (”Uinc” ,Uinc, _vtu); // Incident field

saveToFile(”Uext” ,Uext,_vtu); // scattered field in exterior domain
TermVector Uext_t = Uext + Uinc;

saveToFile(”Uext_t” ,Uext_t,_vtu); // Total field in exterior domain
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TermVector U=merge(Uint , Uext_t); // Merged FEM and BEM solutions
saveToFile ("U” U, _vtu);

theCout << ”Program finished” << eol;
return 0;
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E 3D Maxwell problem using EFIE

Solving diffraction of an electromagnetic plane wave on a obstacle using BEM is more intricate.
Indeed, it is a vector problem and it involves Raviart-Thomas elements. We show how XLiFE++
can deal easily with.

Let T" be the boundary of a bounded domain € of R?, we want to solve the Maxwell problem on
the exterior domain 2.:

curlE —ikH =0 in €,

curl H+kE =0 in Q.

Exn=0 on I

| 1|im <(H —H;,.) x ﬁ —(E— Einc)) =0 (Silver-Muller condition)
x|—00 x

where (Ejpe, Hipe) is an incident field (a solution of Maxwell equation in free space), for instance
a plane wave.

The EFIE (Electric Field Integral Equation) consists in finding the potential J in the space
Hgo(T) = {V € L*(T)*>,V.n = 0,divr V € L*(I) }

such that, YV € Hg;, (T)

1
K / / I(y) Glay) V(z) — + / / dive I(y) Gz, y) diveV(z) = — / Eype. V
rJr k JrJr r
where G is the Green function related to the Helmholtz 3D problem in free space.

This equation has a unique solution, except for a discrete set of wavenumbers corresponding to
the resonance frequencies of the cavity €.

Using the Stratton-Chu representation formula, the scattered electric field may be reconstructed
in Q.:

E(z) = Eje(z) + % /1“ V.G(z,y)divpI (y) + k /F G(z,y) I(y).

This problem is implemented in XLIFE++ as follows:

#include 7 xlife++.h”
using namespace xlifepp ;
Vector<complex_t> data_incField (const Point& P, Parameters& pars)

{

Vector<real t> incPol (3,0.); incPol(1)=1.; Point incDir (0.,0.,1.) ;
Real k = pars(7k”);
return incPol x exp(i_xk * dot(P,incDir));

}
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Vector<complex_t> uinc (const Point& P, Parameters& pars)

{
Vector<real_t> incPol(3,0.); incPol(1l)=1.; Point incDir (0.,0.,1.) ;
Real k = pars(7k”);
return incPolxexp(i_xk * dot(P,incDir));

}

int main(int argc, charxx argv)

{
init (_lang=en) ;
//define parameters and functions
Real k= 1, R=1.; Parameters pars;
pars << Parameter(k, ”k”) << Parameter(R, ”"radius”);
Kernel H = Helmholtz3dKernel (pars) ; // load Helmholtz3D kernel
Function Einc(data_incField , pars); // define right hand side
Function Uex(scatteredFieldMaxwellExn ,pars);
// meshing the wunit sphere
Number npa=15; Point O(0,0,0);
Sphere sphere(_center=0,_radius=R,_nnodes=npa,_domain name="Gamma” ) ;
Mesh meshSh(sphere, triangle, 1, gmsh);
Domain Gamma = meshSh.domain ( ”Gamma” ) ;
//define FE-RT1 space and unknown
Space V_h(Gamma, RT_1, "Vh”);
Unknown U(V_h,”U”); TestFunction V(U,”V”);
//compute BEM system and solve it
IntegrationMethods

ims (_SauterSchwabIM ,4 ,0., _defaultRule ,5,2., _defaultRule ,3);
BilinearForm auv = kxintg (Gamma,Gamma, UxH|V,ims)
—(1./k)*intg (Gamma, Gamma, div (U)*Hxdiv (V) ,ims);
TermMatrix A(auv, "A”);
TermVector B(—intg (Gamma, Einc |V));
TermVector J = directSolve(A,B);
//get P1 representation of solution and export it to wvtu file
Space L_h(Gamma, P1, ”"Lh”);
Unknown U3(L_h,”U3” ,3); TestFunction V3(U3,”V3”);
TermVector JPl=projection(J, L.h, 3, _L2Projector);
saveToFile(”JP1”, JP1(U3[1]), vtu);
//integral representation on y=0 plane (excluding sphere),using Pl nodes
Number npp=30, npc=5;
Square sqgx (-center=0, _length=20.,_nnodes=npp,_domain name="0Omega” ) ;
Disk dx(-center=0, _radius=1.2xR, _nnodes=npc);
Mesh mx0(sqx—dx, triangle, 1,gmsh);
mx0.rotate3d (1.,0.,0.,pi_/2);
Domain py0) = mx0.domain (”Omega” ) ;
Space Vy0(py0,P1,”Vy0” false);
Unknown W(Vy0,"W” 3);
IntegrationMethods im(_defaultRule ,10,1.,_defaultRule, 5);
TermVector Uext=
(1./k)*integralRepresentation (W, py0, intg(Gamma,grad_x (H)x*div(U) ,im), J)
+ kxintegralRepresentation (W, py0, intg(Gamma,H«U, im),6 J);

saveToFile(”Uext”, Uext, vtu);
//build exact solution, export to wvtu file and compute error
TermVector Uexa (W, py0, Uex);
saveToFile(”"Uexa”, Uexa, vtu);
TermMatrix M(intg (py0 ,W[W) ) ;
TermVector E=Uext—Uexa;
theCout<<”L2 error = "<<sqrt(real (M«E|E))<<eol;
return 0;
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} |

In order to build an approximated space of Hg,(I') we use the Raviart-Thomas element of order
1.

As the integrals involved in bilinear form are singular, we use here the Sauter-Schwab method to
compute them when two triangles are adjacent, a quadrature method of order 5 if the two triangles
are close (0 < d(T'1,72) < 2h) and a quadrature method of order 3 when the two triangles are
far (d(T1,72) >= 2h).

Note that the unknowns in RT approximation are the normal fluxes on the edge of the
triangulation. In order to plot the potential J, we have to move to a P1 representation, say
J. This can be done using a L2 projection from Hg;, (T") to L*(T):

/3|V:/J|V vV e L3(D)
r r

This is what is done by the XL1FE++ function projection.
We obtain the following potential:

Real part of J

Figure 9.1: 3D Maxwell problem on the unit sphere, using EFIE, potential

On the following figures, we show the approximated electric field and the exact electric field. The
component F, is not shown because it is zero.

Real part of Ex

computed exact

Q)

Figure 9.2: 3D Maxwell problem on the unit sphere, using EFIE, x component
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Real part of Ez

computed exact

Figure 9.3: 3D Maxwell problem on the unit sphere, using EFIE, y component
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Elasticity problem

The elasticity problem illustrates how to use vector unknown in XLIFE-++:

{ —div(oc(u) —w?u="f inQ
o(u)n =0 on 0f)

For homogeneous isotropic material :
o(u) = Mdiv(u)l + 2ue(u) €;5(u) = ;.
The variational formulation in V = (H(2))3 is:

find u € V such that

)\/Qe(u):5(\‘/)+2u/ﬂdiv(u)div(\7)—w2/ﬂuv:/9f'.\7 VeV

This is implemented as follows:

#include 7xlife++.h”
using namespace xlifepp;

//data function
Vector<Real> f(const Point& P, Parameters& pa = defaultParameters)
{ Vector<Real> F(2,0.); F(2)=-0.005; return F;}

int main(int argc, charsx argv)

{

init (_lang=en); // mandatory initialization of xzlifepp

//mesh rectangle
Rectangle rect(_center=Point (0.,0.), _xlength=20, _ylength=2,

_nnodes=Numbers(50,5) , _domain name="0Omega”

_side_names=Strings (7”7 ,””,”” ”Gamma”) ) ;
Mesh mesh2d(rect , triangle, 1, gmsh);
Domain omega=mesh2d .domain (”Omega”) , Gamma=mesh2d .domain (”Gamma”) ;
// create P1 Lagrange interpolation
Space V(omega, P1, "V7);
Unknown u(V, "u”, 2); TestFunction v(u, "v”);
// create bilinear form and linear form
Real lambda=112.134, mu=83.53, omg2=0, rho=7.86;
BilinearForm auv = lambdaxintg (omega, epsilon(u) % epsilon(v))

+ 2sxmuxintg (omega, div(u)*xdiv(v)) — omg2*intg(omega,u|v);

LinearForm fv=intg (omega, f|v);
EssentialConditions ecs= (u|Gamma=0);
TermMatrix A(auv, ecs,”A”);
TermVector B(fv, "B”);
//solve linear system AX=B wusing direct method
TermVector U=directSolve (A, B);
thePrintStream<<U;
saveToFile("U”, U, vtu);
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//create the deformation of the mesh
for (number_t i=0;i<mesh2d.nbOfNodes() ;i++)
mesh2d .nodes[i]| += U.evaluate (mesh2d.nodes[i]) .value<std :: vector <Real>

>();
mesh2d . saveToFile(”Ud” ,msh) ;

return O0;

Figure 10.1: Displacement and modulus of the solution of the elasticity 2D problem
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Solving wave equation

So far, only the harmonic problems were considered. Time problem may also be solved using
XLiFE++. But there is no specific tools dedicated to. Users have to implement the time loop
related to the finite difference time scheme they choose.

As an example, consider the wave equation:

2

%_C2Au_f ian]O,T[
an =0 ; in 09 x 10,7
w(z,0) = (2,00 =0 inQ

ot

Using classical leap-frog scheme with time discretization t" = nAt, leads to (u" approximates

u(z,t")):
= 20" — " 4 (eAE2AU + (A" in Q, Vo > 1

8au = in 00, Vn > 1
n
w =o'l = in Q

or, in variational form, Vv € V = H'(Q):

/ U—Q/UU—/ Ly — (cAt) /VU Vv + (At) /f”v Vn > 1

w=ul'=0inQ
When approximating space V' by a finite dimension space V}, with basis (w;);=1,, the variational
formulation is reinterpreted in terms of matrices and vectors as follows:
Ut =20" — U™ =M™ ((cAt)’KU" — (At)*F") Vn>1
{ U'=U'=0inQ

where

Mij:/wiwj, KZJZ/VIUZVU}], (F”)Z:/f"wz
Q Q Q

The XLIFE++ implementation of this scheme on the unity square when using P1 Lagrange
interpolation looks like (f(z,t) = h(t)g(z)):

#include 7xlife++.h”
using namespace xlifepp ;

Real g(const Point& P, Parameters& pa = defaultParameters)

{
Real d=P.distance(Point (0.5,0.5));

Real R= 0.02; //source radius
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}

Real amp= 1./(pi_*R«R);//source amplitude (constant power)
if (d<=0.02) return amp; else return O0.;

Real h(const Real& t)

{

}

Real a=10000, t0=0.04 ; //gaussian slope and center
return exp(—ax*(t—t0)*(t—t0));

int main()

{

}

init (_lang=en);

//create a mesh and domain omega

Square sq(_origin=Point (0.,0.), _length=1, _nnodes=70);
Mesh mesh2d(sq, triangle, 1, structured);

Domain omega=mesh2d . domain(”Omega”) ;

//create interpolation

Space V(omega, Pl, ”"V”  true);

Unknown u(V, 7u”);

TestFunction v(u, "v”);

// define FE terms

TermMatrix A(intg(omega, grad(u)|grad(v)),”A”), M(intg (omega, uxv), "M”);
TermVector G(intg (omega, gxv), "G”);

TermMatrix L; ldltFactorize (M,L);

// leap—frog scheme

Real c=1, dt=0.004, dt2=dt*dt, cdt2=c*xcxdt2;

Number nbt=200;

1
(7

TermVectors U(nbt ) ; //to store solution at t=ndt
TermVector zeros(u, omega, 0.); U(l)=zeros; U(2)=zeros;
Real t=dt;

for (Number n=2; n<nbt; n++, t+=dt)

{

U(n+1)=2.4U(n)-U(n—1)—factSolve (L, cdt2 *(A*U(n) )—dt2+h(t)=*G) ;

saveToFile(”U”, U, vtu);

return 0;

Note the very simple syntax taken into account the leap-frog scheme. The Figure 11.1 represents
the solution at different instants for a constant source localized in disk with center (0.5,0.5),
radius R = 0.02 and time excitation that is a Gaussian function. For chosen parameter dt = 0.04,
the leap-frog scheme is stable (it satisfies the CFL condition) but dispersion effects obviously
appear.
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t=0.16s 1=0.32s

1=0.48s 1=0.64s

Figure 11.1: Solution of the wave equation at different instants for a constant source localized in
disk with center (0.5, 0.5)
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